The existing methods of determining testing period do not consider the effect of working condition covariates on reliability testing period of Numerical Control (NC) machine tools, which may lead to high-cost testing or low-precision assessment. Aiming at the problem, a new method of determining the testing period considering working condition covariates is proposed. The change rate of interval estimation of Mean Time between Failures (MTBF) is used as the criterion for determining the length of testing period. The reliability model of NC machine tools is established by the Cox proportional hazards model, and the two-step estimation method is used to estimate parameters of the baseline failure rate function and the coefficients of working condition covariates. The Bootstrap resamples are obtained by the Bootstrap resampling method. And then the parameters of the baseline failure rate function and the coefficients of working condition covariates are estimated simultaneously by maximum likelihood method, and thus interval estimations of MTBF under each covariate are obtained. The change rate models of MTBF interval estimation under each covariate level are established by Power function, and the testing periods under each covariate are obtained. Case study indicates that the testing periods under each covariate obtained by the proposed method are more accurate than those obtained by the others, when the same criterion and confidence level 1-are set.
Introduction
Field reliability test is the basic method of reliability assessment for NC machine tools. Unreasonable test period may decrease the assessment accuracy or increase the testing cost. In the premise of meeting evaluation accuracy, the shorter test period is, the lower test cost is. Therefore, it is of great practical engineering significance to choose an accurate test period [1] . Mchane determined the number of test pieces and test period based on the width of interval estimation of pivot, when Time between Failures (TBF) of the product followed logarithmic position-scale model [2] . He determined the test sample size by using the shortest interval estimation length of the evaluation parameter as the judgment basis [3] . Guo determined reliability test period by calculating the logarithmic ratio of upper interval estimation to lower interval estimation [4] . It can be learned from the above that the interval estimation accuracy of model parameters is usually taken as a criterion to determine the product's test period. In order to determine the suitable testing period for reliability assessment of NC machine tools, Li established the method of determining the testing period for reliability assessment of NC machine tools by using change rate of interval estimation as the criterion to determine the testing period [1] . However, influences of working conditions on the testing period were not considered in [1] . Guo calculated the front axle's fatigue life and obtained the enhancement coefficients of roads by comparative norm of tar-paved roads [5] . Chen adopted the multiple-stress accelerated test scheme to establish a reliability model of aerospace electrical connectors under different temperature and vibration stresses [6] . Qin studied the influence of the variation of environments and working conditions on the reliability of electronic system and proposed a system reliability evaluation method [7] . Li established the relationship between the reliability of harmonic driver and working conditions (including load and speed) by using the accelerated life test [8] . Ren presented a bathtub curve model, which included wear failure period and early failure period and analyzed the lasting time of early failure period of NC machine tools with minimal repair [9] . Zhou implemented the reliability assessment process of abrasion units and overloading units using Bayesian methods [10] . It can be deduced from the above studies that the worse the working conditions are, the shorter the testing period is. In other words, the better the working conditions are, the longer the test period is. Learning from [11] , the scale parameter and MTBFs under the different covariate levels are different. And the more different the covariate level is, the more different the scale parameter and MTBFs are. Consequently, in determining the reliability test period of NC machine tools, not only the historical failure data but also the corresponding working conditions should be considered. The ignorance of working conditions may lead to inaccurate test period in [1] .
Aiming at the above problem, according to the method in [1] , the change rate of MTBF interval estimation of NC machine tools is also used as criterion to determine the testing period. Based on the historical failure data and the corresponding working condition of the NC machine tools, the reliability model of NC machine tools is obtained by the Cox proportional hazards model. The point estimations of the model's parameters are obtained by the two-step estimation method. The Bootstrap resamples are obtained by the Bootstrap resampling method. The parameters of the baseline failure rate function and the coefficients of working condition covariates are estimated simultaneously by maximum likelihood method, and then interval estimations of MTBF under each covariate are obtained. The change rate models of MTBF interval estimation under each covariate level are established by Power function, and the testing periods under each covariate are obtained. Finally, the case study indicates the proposed method is feasible.
Reliability Model of NC Machine Tools Considering Working Conditions
For convenience, the failure rate function of NC machine tools under working condition Z in [11] is rewritten as
where is a vector of working condition covariates (for example, cutting force, number of tool changes, and vibration) which affects the failure rate of NC machine tools and 1 is the baseline working condition covariate which is selected from . = ( 1 , 2 , ⋅ ⋅ ⋅ , ) is the vector of 's coefficients, which reflects the covariates' influences on the failure rate function. is the shape parameter under 1 and > 0; is the scale parameter under 1 and > 0.
Then the reliability function of NC machine tools under working conditions can be written as follows:
Then, the probability distribution function (PDF) of NC machine tools under working conditions can be written as follows:
Then, the MTBF of NC machine tools under covariate 1 is obtained by
where Γ(1 + 1/ ) is Gamma function. ,̂,̂, and̂, which are the estimations of parameters , , , and coefficients , are obtained by the two-step estimation method in [11] . And the covariates which have no effects on the reliability of NC machine tools are eliminated by the likelihood ratio test in [11] . , which is the scale parameter of NC machine tools under covariate , are obtained by (5) written in [11] .
Then, of NC machine tools under working conditions covariate is expressed as
Design of Reliability Testing Period
Step 1. The historical failure data and the corresponding working conditions of the NC machine tools to be tested are collected and used to establish the reliability model of NC machine tools considering working conditions in (1). The point estimationŝ,̂,̂, and̂of parameters , , , and coefficients of the reliability model are calculated by the two-step estimation method in [11] . And then the point estimationŝof of the NC machine tools under are obtained by (6).
Step 2. A testing period T is set. A Bootstrap resampling is obtained by the Bootstrap resampling method [12] based on the point estimationŝ,̂,̂, and̂obtained in Step 1.
Step 3. The working condition covariates in (1) that have no effects on the reliability of NC machine tools are eliminated by the two-step estimation method and the likelihood ratio test in [11] . Thus, the parameterŝ,̂,̂and the coefficient are not calculated by the two-step estimation method but calculated simultaneously by the maximum likelihood method.
The maximum likelihood function of NC machine tools for the Bootstrap resampling sample is given as
where r is the number of failure data. n is the sum of failure data and timing censored data. is the ith working condition covariate.
Substituting (2) and (3) into (7), the likelihood function is obtained as
Taking the logarithm of both sides in (8), then
Taking the partial derivatives of the parameters , , and in (9), respectively, then
Because (10), (11), and (12) have no analytical solutions, Newton-Raphson numerical algorithm is used to estimate parameters , , and .
of the NC machine tools under the baseline working condition covariate Z 1 are obtained by (4) .
of the NC machine tools under the working condition covariates are obtained by (5) and rewritten as
Z of the NC machine tools under the working condition covariate ( = 2, 3, ⋅ ⋅ ⋅ ) are obtained by (6) and rewritten as
Step 4 Step 5. Z , = 1, 2, ⋅ ⋅ ⋅ , , under covariate obtained by Step 4 are arranged in ascending order, and then new sequences are gotten as follows:
Step 6. Set confidence level 1-. Solve and round ( ⋅ ( /2)) and ( ⋅ (1 − /2), respectively. Then two quantiles ( ⋅ ( /2)) and ( ⋅ (1 − /2) of each of the q sequences in Step 5 are selected as the upper limit and lower limit of MTBF interval estimation under covariate . The MTBF interval estimations of NC machine under covariate are expressed as
. . .
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Step 7. Set testing periods. 1 < 2 < ⋅ ⋅ ⋅ < . The MTBF interval estimations of NC machine tools under covariate for each testing period ℎ (ℎ = 1, 2, ⋅ ⋅ ⋅ , ) are obtained by
Step 2 to Step 6 and expressed as
Step 8. q curves, which are to be fitted, respectively, to l lower limits
, are obtained by Matlab Cftool and expressed as
where is the ith working condition covariate. Low is the lower limits of interval estimations.
( ) is the curve fitting function of lower limits under working condition covariate .
In the same way, the curves, which are to be fitted, respectively, to the upper limits of MTBF interval estimations, 
where is the ith working condition covariate. Up is the upper limits of interval estimations.
( ) is the curve fitting function of upper limits under working condition covariate .
And then, the fitting functions of MTBF interval estimations of NC machine tools under covariate can be obtained from (18) to (19) and expressed as
where the variables are the same as those of (18) and (19).
Step 9. Change rates of MTBF interval estimation under covariate are obtained by taking the derivative of (20) and expressed
where the variables are the same as those of (20). Learning from [1] , ( ) are also taken as the criterion that determines how long testing period of reliability assessment is. Suppose is the change rate of MTBF interval estimation required before the reliability assessment test; then the testing period under covariate must be determined by
Step 10. In order to test (18) and (19), tests of goodness-of-fit are made [13] . Suppose referred to as the sample value is upper limit or lower limit of MTBF interval estimation obtained by the Bootstrap resampling. is the average of . Supposer eferred to as theoretical value of fitting is the upper limit or lower limit of MTBF interval estimation obtained by the curves fitting. The error quadratic sum of̂is expressed as
The mean square error of̂is expressed as
The R square is calculated by
where 2 represents the degree of nonlinear correlation between and̂. The range of 2 is [0, 1]. When 2 is closer to 1, the nonlinear correlation is better. when 2 is closer to 0, the nonlinear correlation is worse.
Case Study
Suppose the NC machine tools in [11] have been improved by the manufacturer several years later, and the reliability of the improved NC machine tool will be evaluated. Thus, the testing data of NC machine in [11] can be regarded as the history fault information of the improved NC machine tools, which are used to determine the reliability testing period of the improved NC machine tools before the test by the proposed method.
The point estimations of reliability parameters (such as shape, scale, and MTBF) of the NC machine tools under each covariate are obtained by Step 1 and listed in Table 1 . And for The curves fitted to the upper limit or the lower limit of MTBF interval estimation under different covariates.
Covariates
The curves fitted to the upper limit of MTBF interval estimation
2
The curves fitted to the lower limit of MTBF interval estimation comparison, the point estimations of reliability parameters (such as shape, scale, and MTBF) of the NC machine tools obtained by the method without considering covariates in [1] are also listed in Table 1 . Based on the point estimate of the reliability parameter in Table 1 , the reliability test periods of the improved NC machine tool are designed by the proposed method in this paper. Then the upper limits and lower limits of MTBF interval estimations under covariate of each Bootstrap resampling for testing period T are obtained by Step 2 to
Step 7. The upper limits of interval estimations of MTBF under different covariate are shown in Figures 1(a) and 1(b) , while the lower limits of interval estimations of MTBF under different covariate are shown in Figures 2(a) and 2(b) . In order to facilitate comparison, the coordinates in Figures 1(a) , 1(b), 2(a), and 2(b) are normalized. In other words, the lower limits or upper limits of MTBF interval estimations under each covariate are divided by the MTBF of NC machine tools under corresponding covariates in Figures 1(a), 1(b), 2(a) , and 2(b). The upper limits and lower limits of MTBF interval estimations obtained by the method in [1] are also shown in Figures 1(a) and 2(a) , respectively.
The curves fitted to the lower limits or upper limits of MTBF interval estimations under each covariate are calculated by Step 8 and shown in Table 2 . The curves fitted to the lower limits or upper limits of MTBF interval estimations are obtained by the method in [1] and also shown in Table 2 .
2 are calculated by Step 10 and listed in Table 2 . The change rates of MTBF interval estimation of NC machine tools under covariate are obtained by Step 9 based on Table 2 Table 3 and Figure 4 . The testing period of NC machine tools obtained by the method in [1] is also listed in Table 3 and Figure 4 . The fourth column in Table 3 is equal to the third column times the MTBF of the NC machine tools under the corresponding covariate. For comparison, the testing period of 982 hours obtained by the method in [1] is used as the benchmark; the fifth column is equal to the fourth column minus 982 hours.
Set Q MTBF =0.2; learning from the third column in Table 3 , the testing periods obtained by the proposed method and by the method in [1] are all between 1.5 times of MTBF and 1.6 times of MTBF, and their difference is very little.
However, when the unit of the test period of NC machine tools is converted from MTBF multiple to hour, the test period of NC machine tools will be significantly different, which is shown as the fourth column in Table 3 . From the fourth column or fifth column in Table 3 , when the testing period of 982 hours of NC machine tools obtained by the method in [1] is used as the benchmark, the testing periods of NC machine tools under some covariate level are very different from the benchmark. For example, when Fc = 1.03 and Nh = 14, the testing period of NC machine tools is 419 hours shorter than the benchmark. When Fc=0.35, Nh=2, the testing period of NC machine tools is 645 hours longer than the benchmark. When Fc=1.03, Nh=14, the testing period of NC machine tools is 1064 hours longer than that of NC machine tools under Fc=0.35, Nh=2. It can be deduced from the above analyses that the test periods obtained by the proposed method are quite different from the results obtained by the method in [1] . 
Conclusions
The same NC machine tools under different covariates may have different testing periods, when the same criterion for determining the testing period is set. However, the existing methods including that in [1] do not consider the impacts of working conditions covariates on the testing period. Considering this problem, the authors propose a new method to determine the testing period considering working conditions. The proportional hazards model is used to establish reliability model of NC machine tools. The two-step estimation method is used to estimate the parameters of baseline failure function and the coefficients of working conditions. The Bootstrap resamples are obtained by the Bootstrap resampling method. The parameters of baseline failure function and the coefficients of working conditions are estimated simultaneously by maximum likelihood estimation. The Power function is used to establish the change rate function of MTBF interval estimation. The result of the case study indicates that the testing periods under different covariates obtained by the proposed method are quite different from that obtained by the method without considering working conditions covariates. Therefore, the working conditions should not be ignored when the testing period is determined.
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